The motion of the free surface of a liquid

Hans Lindblad University of California San Diego

Motion of a liquid body in vacuum (the ocean or a star) Incompressible or compressible perfect fluid Non-relativistic Without surface tension and gravitation v-velocity, p-pressure, ρ-density, t-time

Free boundary problem:

The velocity tells the boundary where to move. The boundary is the zero set of the pressure and the pressure determines the acceleration. (Regularity of the boundary is intimately connected to the regularity of the velocity. )

Euler’s equations ρ (∂t + V k∂k)vi = −∂ip in D i =1,...,n(1) (∂t + V k∂k)ρ + ρ div V = 0, in D (2) ∂k= ∂∂x_k , V k= vk, V k∂k = ∑n k=1V k∂k, divV =∂kV k Equation of state

Compressible case: p = p(ρ), (3) p(ρ̄0) = 0, ρ̄0 > 0, p ′(ρ) > 0, ρ ≥ ρ̄0 (4) Incompressible case: ρ = constant (5) Boundary conditions (∂t + V k∂k)|∂D ∈ T (∂D) (6) p = 0, on ∂D (7) T (∂D) is the tangent space of the boundary. Initial conditions {x; (0, x) ∈ D} = D0 (8) v(0, x) = v0(x), ρ(0, x) = ρ0(x), in D0 (9) Compatibility conditions Formal power series solution (Ṽ , ρ̃), in time of Euler’s eq. and initial cond. should satisfy boundary cond.: (∂t+Ṽ k∂k)j(ρ̃−ρ̄0)|{0}×∂D_0 = 0, j = 0,...(10)

Local Existence?:

Given a domain D0 ⊂ Rn, a vector field v0 and a function ρ0 in D0 satisfying the compatibility conditions (10). Find a domain D = ∪0≤t≤T {t} × Dt, Dt ⊂ Rn, a vector field v and a function ρ, depending on t and defined in D, such that (1)-(9) hold. Local existence for analytic data Baouendi-Goulaouic, Nishida (incompressible irrotational case)

Instability in Sobolev norms? Rayleigh-Taylor Instability (heavier fluid above lighter) Ebin’s counterexample (when p < 0, ∇N p > 0). Physical condition ∇N p ≤ −c0 < 0, on ∂D0, (11) where ∇N = N k∂k and N is the exterior normal Since the pressure of a fluid has to be positive Needed for local existence in Sobolev Spaces. Holds in the incompressible irrotational case. Vorticity: curl vij = ∂ivj − ∂jvi Incompressible fluid: div V = 0 Irrotational fluid: curl v = 0.

Local existence in Sobolev spaces: I) Incompressible Irrotational case: Local existence for Water wave problem: Yosihara, Nalimov:close to still water in R2 Wu:in general in R2 and R3 (no instability when water wave turns over, physical cond. hold in the irrotational case) II) General Incompressible case:

Ebin-local exist with surface tension(announced) Christodoulou-L: i) Sobolev norms remain bounded as long as the physical cond. hold, the first order derivatives of the velocity are bounded and the second fundamental form of the free surface is bounded. ii) local a priori bounds for Sobolev norms with lower regularity. L: iii) Local existence assuming physical condition holds initially.

III) General Compressible case: L: Local existence assuming physical condition holds initially. IV) Generalizations:

L: Newtonian gravity, special relativity. Relativity: Existence in special cases by Rendall, Christodoulou, Friedrich.

Lagrangian coordinates: ft : y → x(t, y): dx/dt = v(t, x), x(0, y) = f0(y), y ∈ � Boundary becomes fixed in the (t, y) coord.

Lagrangian (t, y) Eulerian (t, x) [0, T ] × � D = ∪0≤t≤T {t} × Dt dt = ∂t dt = ∂t + V k∂k ∂k = ∂y^a∂x_k ∂∂y_a ∂k = ∂∂x_k Euler’s eq: ρ dtvi = −∂ip, dtρ + ρ div V = 0 dtxi = vi dtκ − κ div V = 0, where κ = det(∂x/∂y), so ρ = k/κ where k = k(y) can be chosen to be constant.

Energies Er(t) = ‖v‖Hr(D_t) + ‖ρ‖Hr(D_t) + ‖θ‖Hr−2(∂D_t) where θij = ¯∂iNj is the second fundamental form of ∂Dt.

Energy bound: Er(t) ≤ Cr(t, c−10 )Er(0), where ∇N p ≤ −c0 < 0. Energy Conservation E0(t) = E0(0) where E0(t) = ∫ ∂Dt (|V |2 + Q(ρ))ρdx, and Q(ρ) = 2 ∫ p(ρ)ρ−2dρ. Proof of Energy conservation: With κ = det(∂x/∂y) we have ∫ Dt hρdx = ∫ � hρκdy, dt(ρκ) = 0, and d dtE0 = ∫ ∂Dt(dt(|V |2 + Q(ρ)))ρdx = ∫ Dt(−2V i∂ip + 2pρ−1dtρ) dx = − ∫ ∂Dt 2NiV ipdS + ∫ Dt 2(∂iV i)p + pρ−1dtρdx = 0

Euler’s eq. With h(ρ) = ∫ ρ ρ̄0 p ′(ρ)ρ−1 dρ the enthalphy we have d2t xi + ∂ih = 0, ρ = k/κ, h|∂� = 0 where h = h(ρ), κ = det(∂x/∂y)

Linearized equations Consider a family of solutions x = x̄(t, y, r) depending on an extra parameter r and let δx = ∂x̄(t, y, r)/∂r|r=0. d2t δxi + ∂iδh − (∂kh)∂iδxk = 0, δρ = −ρ divδx, δh|∂� = 0. δh = h ′(ρ)δρ since [δ, ∂i] = −(∂iδxk)∂k and δκ = −κdivδx. Energy bounds: Ẽr(t) ≤ Cr(x, t, c−10 )Ẽr(0) where Ẽr(t) = ‖δv‖H_r(D_t) + ‖δρ‖H_r(D_t) + ‖δθ‖H_{r−2}(∂D_t) and ∇N h ≤ −c0 < 0. Existence for linearized equations: Non standard because the higher order operator −(∂kh)∂iδxk is not elliptic. It is positive because ∇N h < 0. Existence for Euler’s eq.: Follows from existence and tame estimates for the linearized equations using the Nash-Moser technique.

rewriting the linearized equations: Ẍ + ÃX = B(X, Ẋ), divX|∂� = 0 where X = δx, B is a bounded operator and Ẋ = L̂d_tX is a modified Lie derivative: L̂d_tXi = Ld_tXi + divV Xi = κ−1 ∂x i ∂ya dt(κ ∂ya ∂xk Xk) that preserves the divergence free condition: divL̂d_tX = d̂tdivX, where d̂t = dt + divV . Ã is a positive symmetric operator on vector fields satisfying the boundary condition if the physical condition ∇N p < 0 hold. ÃX = −∇(h′ρ divX + (∂kh)Xk), ∇i = ∂i If ⟨X,Z⟩ = ∫ DtX · Zdx, divX|∂� = divZ|∂� = 0: ⟨X, ρ ÃZ⟩ = ∫ Dt div(ρX)div(ρZ)h′dx + ∫ ∂Dt XN ZN (−∇N p)dS, XN = X · N Energy Ẽ0 = ⟨Ẋ, ρẊ⟩ + ⟨X, ρÃX⟩ Ẽr = ‖Ẋ‖H_r(�) + ‖divX‖H_r(�) + ‖XN ‖H_r(∂�)

Orthogonal projection onto divergence free vector fields P X = X − ∇q, △q = divX, q|∂� = 0 Decompose: X = X0 + X1, where X0 = P X. d̂2t divX − △(p′divX) = △(Xk∂kh) + div B, with Dirichlet boundary cond. divX|∂� = 0 AX = P ÃX = P (−∇(Xk∂kh)) since the projection of the gradient of a function that vanishes on the boundary vanishes. Ẍ0 + AX0 = −AX1 − P B2(X1, Ẋ1) + P B(X, Ẋ) using that [L̂d_t, P ]X = O(X). Here A is symmetric and positive: ⟨X,AZ⟩ = ∫ ∂Dt XN ZN (−∇N h)dS, divX = divZ = 0 Energies E0 = ⟨Ẋ0, Ẋ0⟩ + ⟨X0, AX0⟩.

Existence and estimates for the divergence free equation:

Ẍ + AX = F, divX = divF = 0 Er = ‖Ẋ‖Hr(�) + ‖XN ‖Hr(∂�)

Er(t) ≤ Cr(Er(0) + ∫ t 0 ‖F ‖Hr(�)dτ) Replace A by a a sequence of bounded operators Aε for which existence is know and such that we uniformly have the same energy estimates as ε → 0. AεX = −P (χε(d)∇hd−1Xk∂kd) = P (χ′ε(d)(∇d)hd−1Xk∂kd) where d = d(y) = dist(y, ∂�), χε(d) = χ(d/ε). Here χ(s) = 1, when s ≥ 1, χ(s) = 0, when s ≤ 0, and χ′(s) ≥ 0.